Аннотация. This paper is devoted to further study of the Holevo capacity of infinite dimensional quantum channels. Existence of the unique optimal average state for quantum channel constrained by arbitrary convex set of states is shown. The minimax expression for the Holevo capacity of a constrained channel is obtained.
1. Introduction. One of the basic notions of the quantum information theory is the notion of a quan-tum channel defined as completely positive trace preserving map from the set of states of input quantum system into the set of states of output quantum system. Quantum channels are characterized by a set of capacities defined by type of transmitted information (quantum or classical) and by resources used for this transmission [7] , [25] .
While major attention in quantum information theory up to now was paid to finite dimensional systems, interest to infinite dimensional systems is increasing. For mathematically rigorous treatment of these systems it is necessary to use specific results from the operator theory in a Hilbert space, measure theory and infinite dimensional convex analysis.
This paper is devoted to study of the Holevo capacity 2 of infinite dimensional quantum channels and related entropic characteristics of quantum channels, following [9] , [10] , [21] , [31] .
From mathematical viewpoint the essential features of infinite dimensional quantum channels are noncompactness of state space and discontinuity and unboundedness of the output entropy. As a result for infinite dimensional constrained channel with finite Holevo capacity generally there exist no optimal ensembles, which plays important role in study of finite dimensional channels [29] . In [10] the sufficient condition of existence of an optimal measure (generalized ensemble) for arbitrary constrained channel is obtained, but in [10] , [32] the examples of constrained channels with no optimal measure are constructed. In section 3 of this paper it is shown that despite possible nonexistence of optimal measure for arbitrary channel constrained by convex set of states there exists the unique state, called output optimal average, which inherits properties of the image of the average state of an optimal ensemble for a finite dimensional constrained channel (proposition 1). The minimax expression for the Holevo capacity is obtained and the alternative definition of the output optimal average state as the minimum point of the lower semicontinuous function on a compact set is given (proposition 2).
In section 4 the notion of the χ-function of an infinite dimensional quantum channel is introduced. By using properties of the output optimal average state the inequality for the χ-function, derived in [21] for finite dimensional channels, is generalized to the infinite dimensional case (proposition 3). It is shown that the χ-function of arbitrary quantum channel is a lower semicontinuous function with natural chain properties (propositions [4] [5] . The χ-function version of Simon's dominated convergence theorem for quantum entropy is proved (corollary 3).
The another important characteristic of a quantum channel is the convex closure of the output entropy considered in section 5. Since in the finite dimensional case the entropy is a continuous function on a compact set, its convex hull coincides with its convex closure [4] (lower envelope in terms of [12] ). The important role of this function in study of finite dimensional channels is justified by its close relation to the χ-function: the later is a difference between the output entropy and its convex hull (closure). In the infinite dimensional case the above coincidence do not hold generally and it is natural to consider the convex closure of the output entropy instead of its convex hull. The explicit expression for the convex closure of the output entropy of an infinite dimensional quantum channel is obtained and its properties are explored (propositions 6-8, corollary 4). The main technical problem is noncompactness of the state set, which prevents to use general theory of integral representations on the compact convex sets [2] , [12] . The basic instrument of our approach is the criterion of compactness of families of probability measures on the set of quantum states as well as other results from [10] . It is shown that the convex closure of the output entropy coincides with the convex hull of the output entropy on the set of states with finite output entropy. Thus, the representation of the χ-function as the difference between the output entropy and its convex closure is valid on this set similarly to the finite dimensional case.
By using the results of the previous sections the following continuity observation is obtained in section 6: the χ-function and the convex closure of the output entropy have continuous restrictions to arbitrary set of continuity of the output entropy (theorem 1). This and the observation in [10] imply, in particular, continuity of the χ-function for Gaussian channels with constrained mean energy.
Section 7 is devoted to the additivity problem -one of the basic open problems of quantum information theory. The results of the previous sections make possible to prove infinite dimensional versions of the theorems in [21] and [30] concerning equivalence of different additivity properties for given two quantum channels.
The important partial case of the convex closure of the output entropy is a special entanglement measure of a state of a bipartite system called Entanglement of Formation (EoF) [17] . In the finite dimensional case the EoF coincides with the convex closure of the output entropy of a partial trace, which can be considered as a channel from the state space of a bipartite system into the state space of a single subsystem.
In section 8 the arguments for definition of the EoF in the infinite dimensional case as the convex closure of the output entropy of a partial trace are considered. It is shown that this definition is natural and implies such properties of the EoF as convexity, lower semicontinuity on the whole state space and continuity on the set of states with bounded mean energy. It is shown that this definition coincides with the definition proposed in [19] for all states with finite entropy of partial states. The question of their coincidence on the whole state space remains open.
2. Basic notations. Let H be a separable Hilbert space, B(H) be the algebra of all bounded operators in H, T(H) be the Banach space of all trace class operators with the trace norm · 1 . In what follows we use the term state for positive operator ρ in H with unit trace: ρ 0; Tr ρ = 1. The algebra B(H) is generally called the algebra of observables of a quantum system while the state ρ defines the expectation functional A → Tr ρA; A ∈ B(H), t.i. normal states in terms of the operator algebras theory [2] . The set of all states S(H) is a convex closed subset of T(H), which is a complete separable metric space with the metric defined by the trace norm.
A finite collection of states {ρ i } with the corresponding probabilities {π i } is called (finite) ensemble and is denoted by {π i , ρ i }, the state ρ = i π i ρ i is called the average state of this ensemble. In [10] the notion of generalized ensemble as Borel probability measure π on S(H) is introduced. The average state of a generalized ensemble π is the state (also called barycenter of the measure π), defined by the Bochner integral
Conventional ensembles correspond to measures with finite support.
A convex combination of ensembles is defined as a convex combination of corresponding probability measures. In particular, for arbitrary set of ensembles {{π
and probability distribution {λ k } m k=1 the convex combination
of the above ensembles is the ensemble, consisting of
Let P be the convex set of all probability measures on S(H), endowed with the topology of weak convergence [1] . In [10] it is noted that the map P π → ρ(π) is continuous in the above topology. The subset of P, consisting of all measures π with the barycenter ρ(π) in A ⊆ S(H), will be denoted by P A .
Let A and B be positive operators in T(H). The von Neumann entropy of the operator A and the relative entropy of the operators A and B are defined correspondingly by the expressions
where {|i } is the basis of eigenvectors of the operator A (see details in [22] , [34] ). The entropy and the relative entropy are lower semicontinuous functions of their arguments taking values in [0; +∞], the first function is concave while the second one is convex [22] , [34] . The following inequality
holds for arbitrary states ρ and σ in S(H) [27] .
The relative entropy H(ρ σ) of states ρ and σ can be considered as a measure of divergence of these states, its classical analog is called Kulback-Leibler distance. Despite the fact that this measure is not a metric (it is nonsymmetric and do not satisfy the triangle inequality), it is possible to introduce the notion of convergence of a sequence of states {ρ n } to a particular state ρ * , defined by the condition lim n→+∞ H(ρ n ρ * ) = 0. In the classical case the topology on the state space, related with this convergence, is explored in [20] , where it is called strong information topology. In quantum information theory this convergence, which will be called H-convergence, also plays important role (see. [11, proposition 2] ). It follows from inequality (1) that
We will use Donald's identity [15] , [27] (2)
which holds for arbitrary ensemble
with the average state ρ and arbitrary state ρ.
Let H, H be a pair of separable Hilbert spaces, which will be called correspondingly input and output spaces. Channel Φ is a linear positive trace preserving map from T(H) into T(H ) such that the dual map Φ * : B(H ) → B(H) (which exists since Φ is bounded) is completely positive, see. [8, ch. 3, p. 1] . In particular, channel maps input states in S(H) into output states in S(H ).
The important characteristic of a channel Φ is its output entropy
concave lower semicontinuous nonnegative function on the set of input states S(H).
Let A be an arbitrary subset of S(H). Consider the constraint on input ensemble {π i , ρ i }, defined by the inclusion ρ ∈ A. A channel Φ with this constraint is called A-constrained channel. The Holevo capacity of the A-constrained channel Φ is defined as follows [9] , [10] :
In [10] it is shown that the Holevo capacity of the A-constrained channel Φ can be also defined by the expression
which means coincidence of the supremum over all measures in P A with the supremum over finitely supported measures in P A .
3. The optimal average state. It is well known that for arbitrary finite dimensional channel Φ and arbitrary closed set A there exists optimal ensemble {π i , ρ i }, at which the supremum in definition (3) of the Holevo capacity is achieved [18] , [29] . The image of the average state of an optimal ensemble plays important role in study of finite dimensional channels [21] .
For infinite dimensional quantum channels generally there exist no optimal finite ensembles. Thus it is natural to introduce the notion of generalized optimal ensemble as a probability measure on the set of all states, at which the supremum in definition (5) of the Holevo capacity is achieved. In [10] the sufficient condition of existence of optimal measure for arbitrary constrained channel is obtained, but examples in [10] , [32] shows that optimal measure does not exist in some cases.
The aim of this section is to show that despite possible nonexistence of an optimal measure there exists the unique state, inheriting basic properties of the image of the average state of optimal ensemble for finite dimensional channel. This state is naturally called the output optimal average for constrained channel. If optimal measure exists then the image of its average state (barycenter) coincides with the above output optimal average. By using properties of this state it is possible to generalize some results in [21] to the case of infinite dimensional channels.
be a finite set of ensembles and {λ k } m k=1 be a probability distribution. Then
where ρ k is the average state of the ensemble {π
Proof. Let ρ = m k=1 λ k ρ k be the average state of the ensemble
By applying Donald's identity (2) to each inner sum in the right side of this expression we obtain the main identity of the lemma.
To prove inequality for m = 2 it is sufficient to use inequality (1) for estimation of the last term in the right side of the main identity of the lemma:
Lemma 1 is proved. Despite possible nonexistence of optimal ensemble for the A-constrained channel Φ, the definition of the Holevo capacity implies existence of the sequence with the following properties.
A state is called input optimal average for the A-constrained channel Φ, if it is a limit of the sequence of the average states of some approximating sequence of ensembles for the A-constrained channel Φ.
This definition guarantees neither existence nor uniqueness of input optimal average (the examples of channels with no input optimal average are considered in [3] ). Existence of at least one input optimal average is a necessary condition of existence of optimal measure for the A-constrained channel Φ, which also becomes a sufficient condition if some additional requirements hold. This input optimal average coincides with the barycenter of the optimal measure (see details in [10] ).
Despite possible nonexistence of limit points of the sequence of the average states of approximating sequence of ensembles for the A-constrained channel, finiteness of its Holevo capacity guarantees convergence of the sequence of the images of these averages.
The following proposition is a generalization of proposition 1 in [31] to the case of noncompact set A. 
Proposition 1. Let Φ : S(H) → S(H ) be an arbitrary channel and A be a convex subset of S(H) such that C(Φ, A) < +∞. There exists the unique state
Ω(Φ, A) in S(H ) such that j µ j H(Φ(σ j ) Ω(Φ, A)) C(Φ, A) for any ensemble {µ j , σ j } with the average σ ∈ A.
The state Ω(Φ, A) lies in Φ(A). For arbitrary approximating sequence of ensembles {{π
Proof. Show first that for arbitrary approximating sequence of ensembles 
Thus the sequence {Φ(ρ k )} is a Cauchy sequence and hence it converges to some state ω in S(H ).
be arbitrary ensemble of m state with the average σ ∈ A. Consider the family of ensembles
with the average states ρ λ k = (1−λ) ρ k +λσ. By convexity of the set A we have ρ λ k ∈ A for all λ ∈ [0, 1] and k ∈ N and the above observation implies
By definition
By the condition C(Φ, A) < +∞ the both sums in the right side of this expression are finite. Applying Donald's identity (2) to the first sum we obtain
Substitution of this expression to (7) leads to
Thus by nonnegativity of the relative entropy we obtain
The definition of approximating sequence implies
By lower semicontinuity of the relative entropy if follows from (6), (8) , (9) and (10) 
Thus it is proved that
for arbitrary ensemble {µ j , σ j } with the average state σ ∈ A.
Let {{µ
}} k be arbitrary approximating sequence of ensembles for the Aconstrained channel Φ with the corresponding sequence of the average states
Applying identity (2) we obtain
The last two expressions imply
By approximating property of the sequence {{µ
}} k the right side of this inequality tends to zero as k → +∞, hence there exists lim k→+∞ H(Φ(σ k ) ω) = 0, which implies convergence of the sequence {σ k } to the state ω. Thus the state ω does not depend on the choice of approximating sequence and hence it is defined only by the channel Φ and the set A. Denote this state by Ω(Φ, A). The above observation also implies that ω = Ω(Φ, A) is the unique state such that property (11) holds. Proposition 1 is proved.
Proposition 1 shows in particular that the set of input optimal averages for the A-constrained channel Φ is either empty or mapped by the channel Φ to the single state.
Corollary 1. Let A be a convex subset of S(H). If there exists input optimal average ρ
If the set A is compact then there exists at least one input optimal average state. This corollary justifies the following definition. Definition 2. The state Ω(Φ, A) is called the output optimal average for the A-constrained channel Φ.
Note that there exist examples of the A-constrained channels Φ with finite Holevo capacity with no input optimal averages while the output optimal average Ω(Φ, A) is explicitly determined and plays important role in analysis of these channels (see. examples in [3] , [32] ).
There exists the another approach to the definition of the state Ω(Φ, A). In [11] it is shown (corollary 6) that finiteness of the Holevo capacity of the A-constrained channel Φ implies compactness of the set Φ(A). For any ensemble {µ j , σ j } with the average σ ∈ A consider lower semicontinuous function
is also lower semicontinuous and hence it achieves its minimum on the compact set Φ(A). The following proposition shows in particular that the state Ω(Φ, A) can be defined as the unique minimum point of the function F (ω) on the set Φ(A).
Proposition 2. Let Φ : S(H) → S(H ) be an arbitrary channel and A be a convex subset of S(H). The Holevo capacity of the A-constrained channel Φ is defined by the expression
C(Φ, A) = inf ω∈Φ(A) sup j µ j σ j ∈A j µ j H(Φ(σ j ) ω) .
If C(Φ, A) < +∞ then Ω(Φ, A) is the unique state at which the infimum in the right side of this expression is achieved.
Proof. Let C(Φ, A) < +∞. Show first that
Proposition 1 implies inequality " " in (13) . To prove the converse inequality consider arbitrary approximating sequence {{π
for all k. By approximating property of the sequence {{π k i , ρ k i }} k the first term in the right side tends to C(Φ, A) as k → +∞ while the second one is nonnegative. This proves inequality " " and hence equality in (13) .
Let ω * be a minimal point of the function F (ω). By equality (13) we have
If C(Φ, A) = +∞ then the right side of the expression in proposition 2 is equal to +∞. Indeed, if there exists state ω in S(H ) such that sup (12) , valid for arbitrary approximating sequence of ensembles {{µ
The assumption of convexity of the set A in propositions 1, 2 and corollary 1 is essential. Consider the noiseless channel Φ = Id and the set A consisting of two states ρ 1 and ρ 2 such that H(
, the states ρ 1 and ρ 2 are input optimal averages in the sense of definition 1 with different images Φ(ρ 1 ) = ρ 1 and Φ(ρ 2 ) = ρ 2 .
χ-function. Let Φ : S(H) → S(H )
be an arbitrary channel. Consider the function χ Φ on the set S(H), which takes value C(Φ, {ρ}) at state ρ. By using definitions of the Holevo capacity (3) and (5), we obtain
In the finite dimensional case χ Φ is a continuous concave nonnegative function on the set of input states S(H), used in study of the classical capacity of quantum channels, in particular, of the additivity problem [21] . In this section the properties of the χ-function of arbitrary infinite dimensional channel Φ are considered.
In [10] it is shown that if H Φ (ρ) < +∞ then the supremum in the last expression in (14) is achieved at some measure supported by the set of pure states.
Definition 3. A measure π 0 with the barycenter ρ 0 supported by the set of pure states such that
is called χ Φ -optimal measure for the state ρ 0 .
Note that χ Φ (ρ) < +∞ does not imply H Φ (ρ) < +∞. Indeed, it is easy to construct the channel Φ from finite dimensional into infinite dimensional spaces such that H Φ (ρ) = +∞ for any state ρ in S(H).
3 By monotonicity property of the relative 3 For example the channel Φ :
where σ is a fixed state with infinite entropy.
entropy [23] we have
The definition of the Holevo capacity of the A-constrained channel Φ implies C(Φ, A) = sup ρ∈A χ Φ (ρ). In [10] it is shown that the question of attainability of the above supremum is closely related with the question of existence of optimal measure for the A-constrained channel Φ and due to examples in [32] it can have negative answer.
The results of the previous section make possible to prove the important inequality, determining behavior of the χ-function on any convex subset of states, which is proved in [21] in the finite dimensional case. This inequality plays the essential role in the proof of theorem 2 in section 7.
Proposition 3. Let Φ : S(H) → S(H ) be an arbitrary channel and A be a convex subset of S(H). Then for any state ρ in A the following inequality holds
Proof. Let C(Φ, A) < +∞ and {π i , ρ i } be arbitrary ensemble such
This inequality, Donald's identity
and definition of the χ-function (14) imply the first inequality of the proposition. The second one follows from inequality (1). Proposition 3 is proved.
For arbitrary state ρ with finite output entropy the χ-function has the following representation:
where
is the convex hull of the output entropy (see. appendix А).
In the finite dimensional case the output entropy H Φ and its convex hull co H Φ are continuous functions on the set S(H), the first function is concave while the second one is convex and representation (15) holds for all states. Hence in this case the function χ Φ is continuous and concave on the set S(H).
In the infinite dimensional case the output entropy H Φ is only lower semicontinuous and hence the function χ Φ is not continuous even in the case of the noiseless channel Φ for which χ Φ = H Φ . The following proposition shows that the function χ Φ of arbitrary channel Φ has properties similar to the properties of the output entropy H Φ .
Proposition 4. For arbitrary channel Φ the function χ Φ is a nonnegative lower semicontinuous concave function on the set S(H) and
for any ensemble of states
with the average ρ. Inequality (17) can be considered as a generalization to the case of the χ-function of the well known identity for quantum entropy
Proof. Nonnegativity of the χ-function is obvious. Lower semicontinuity is proved in [31] 
Since ε is arbitrary this implies inequality (17) . Proposition 4 is proved. In the modern convex analysis the notion of strong convexity (concavity) is widely used [6] . Proposition 4 and inequality (1) imply the following observation.
Corollary 2. For arbitrary channel Φ the function χ Φ is a strong concave function on S(H) in the following sense:
for any states ρ 1 and ρ 2 in S(H) and any λ in [0, 1]. Similarity of the properties of the functions χ Φ (ρ) and H Φ (ρ) is stressed by the following analog of Simon's dominated convergence theorem for quantum entropy [33] . 4 Corollary 3. Let {ρ n } be a sequence of states in S(H) converging to the state ρ 0 such that λ n ρ n ρ 0 for some sequence {λ n } of positive numbers converging to 1. Then
By concavity of the χ-function we have
and hence lim sup n→+∞ χ Φ (ρ n ) χ Φ (ρ 0 ). Lower semicontinuity of the χ-function implies existence of the above limit. Corollary 3 is proved.
Remark 2. Corollary 3 provides possibility to approximate the value χ Φ (ρ 0 ) for arbitrary state ρ 0 by the sequence {χ Φ (ρ n )}, in which ρ n = (Tr P n ρ 0 ) −1 P n ρ 0 is a finite rank state for each n, where P n is the spectral projector of the state ρ 0 , corresponding to n maximal eigenvalues.
By exploring the properties of the convex closure of the output entropy in the next section we will establish continuity of the restriction of the χ-function to any set of continuity of the output entropy (theorem 1).
We shall also use the following chain properties of the χ-function.
Proposition 5. Let Φ : S(H) → S(H ) and Ψ : S(H ) → S(H ) be two arbitrary channels. Then
Proof. The first inequality follows from the monotonicity property of the relative entropy [23] and definition (14) , the second one is a direct corollary of definition (14).
Convex closure of the output entropy.
In the finite dimensional case the output entropy H Φ is finite and the function χ Φ can be represented by expression (15) as a difference between the output entropy H Φ and its convex hull co H Φ . In this case the function co H Φ is continuous and hence it is closed (see appendix А). This means that the convex hull co H Φ of the output entropy coincides with the convex closure co H Φ of the output entropy.
In the infinite dimensional case the function co H Φ is not closed even in the case of the noiseless channel Φ. Indeed, co H Φ (ρ) = +∞ for any state ρ such that H Φ (ρ) = +∞ (see the proof of lemma 2), but this state ρ is a limit of some sequence {ρ n } of finite rank states, for which co H Φ (ρ n ) = 0. Thus the function co H Φ is not lower semicontinuous.
It seems natural to suppose that in the infinite dimensional case the role of the function co H Φ is played by the function co H Φ . The aim of this section is to confirm this conjecture by exploring properties of the function co H Φ (ρ) and its relation to the χ-function.
First of all we will obtain the explicit representation for co H Φ . Consider the function
where P {ρ} is the set of all probability measures with the barycenter ρ. It is clear that H Φ (ρ) co H Φ (ρ) H Φ (ρ) for all states ρ in S(H). By considering properties of the function H Φ we will establish that H Φ = co H Φ (proposition 7).
In the previous section it is mentioned that in the definition of the χ-function the supremum over all measures coincides with the supremum over all measures with finite support (conventional ensembles). In contrast to this in the case of the H-function we have the following observation.
) holds if and only if either H
. By [10, proposition 1 and
If H Φ (ρ) = +∞ then co H Φ (ρ) = +∞ since the set of states with finite output entropy is convex [34] . Lemma 2 is proved.
Lemma 2 implies that H Φ (ρ) < co H Φ (ρ) for any state ρ such that H Φ (ρ) = +∞ and H Φ (ρ) < +∞. Note that the set of such states is nonempty. For example, in the case of the noiseless channel Φ it is easy to see that H Φ (ρ) = 0 for any state ρ, but the set of all states ρ such that H Φ (ρ) < +∞ is a subset of the first category in the set of all states S(H) [34] .
Show first that the infimum in the definition of the function H Φ (ρ) can be taken only over measures supported by pure states. Consider the following partial order on the set P. Let S be the set of all convex continuous bounded functions on the set S(H). We say that µ ν if and only if
This partial order on the sets of probability measures on convex sets, often called the Choquet ordering, is studied in details (see., for example, [14] 
The measure π 0 can be chosen to be a measure with support consisting of n 2 atoms (ensemble of n 2 pure states) if and only if the state ρ 0 has finite rank n Proof. In the proof of the theorem in [10] it is shown that the functional
is well defined and lower semicontinuous on the set P (endowed with the topology of weak convergence). By proposition 2 in [10] the set P {ρ 0 } is compact in this topology. Hence this functional achieves its minimum on the set P {ρ 0 } at some measures π * ∈ P {ρ 0 } , t.i.
To show that among all such measures π * there exists a measure π 0 supported by pure states we will use the following two simple properties of the above partial order.
1. Let {µ n } and {ν n } be two sequences in P, weakly converging to measures µ and ν correspondingly, such that µ n ν n for all n. Then µ ν.
If µ ν then
for any function g, which can be represented as a pointwise limit of monotonous sequence of functions in S. By lemma 1 in [10] there exists the sequence {π n } of measures in P {ρ0} with finite supports, weakly converging to π * . Decomposing each atom of the measure π n into convex combination of pure states we obtain the measureπ n with the same barycenter supported by the set of pure states. It is easy to see thatπ n π n . By compactness of the set P {ρ0} there exists subsequence {π n k } converging to some measure π 0 supported by the set of pure states due to theorem 6.1 in [28] . Sinceπ n k π n k , the above property 1 of the partial order implies π 0 π * .
By lemma 4 in [22] the convex function g(ρ) = −H Φ (ρ) = −H(Φ(ρ)) is a pointwise limit of the monotonous sequence of bounded continuous functions
where {P n } is an arbitrary sequence of finite dimensional projectors strongly increasing to the unit operator I. It is easy to see that the functions g n are convex and hence lie in S for all n. By the above property 2 of the partial order (with g(ρ) = −H Φ (ρ)) and (19) we have
The definition of the function H Φ implies equality in the above inequality. Let us prove the last statement of the proposition. If the state ρ 0 has infinite rank then the set P {ρ 0 } contains no measures finitely supported by pure states.
Let the state ρ 0 has finite rank n, H 0 = supp ρ 0 be the n-dimensional subspace and Φ 0 be the subchannel of the channel Φ, corresponding to the subspace H 0 (the subchannel Φ 0 of the channel Φ, corresponding to the subspace H 0 , is the restriction of the channel Φ to the set of states supported by the subspace H 0 [31] ).
If H Φ0 (ρ 0 ) = H Φ (ρ 0 ) < +∞ then the function H Φ0 is continuous on the compact set S(H 0 ) by the below lemma 3. Hence we can apply lemma A-2 in [35] to prove existence of ensemble consisting of (dim H 0 ) 2 states with the average ρ 0 , at which the infimum in the definition of the function co H Φ 0 , coinciding with the restriction of the function co H Φ to the subset S(H 0 ) of S(H), is achieved. By lemma 2 the restriction of the function co H Φ to the set S(H 0 ) coincides with the restriction of the function H Φ to this set.
If H Φ 0 (ρ 0 ) = H Φ (ρ 0 ) = +∞ then H Φ (ρ 0 ) = +∞ and hence any ensemble with the average state ρ 0 is optimal. To prove this note that H Φ (ρ 0 ) = +∞ implies H Φ (σ) = +∞ for any state σ such that supp σ = supp ρ 0 = H 0 . Indeed, for this state σ there exists a positive number λ σ such that λ σ σ ≥ ρ 0 . Nonnegativity of the relative entropy implies λ σ Tr Φ(σ)(− log Φ(σ)) Tr Φ(ρ 0 )(− log Φ(σ)) Tr Φ(ρ 0 )(− log Φ(ρ 0 )) = +∞.
Suppose that H Φ (ρ 0 ) < +∞. Then there exists measure π with the barycenter ρ 0 such that the function H Φ is finite π-almost everywhere. Let F be subset of S(H 0 ) such that the function H Φ is finite on the set F and π(F) = 1. The equality ρ 0 = F ρ π(dρ) implies that the linear hull of subspaces {supp ρ} ρ∈F coincides with H 0 and hence there exists finite set 34] . But this contradicts to the previous observation. Proposition 6 is proved.
Lemma 3. Let Φ : S(H) → S(H ) be such channel that dim H < +∞. If there exists a full rank state ρ 0 such that H Φ (ρ 0 ) < +∞ then the function H Φ is continuous on the set S(H).
Proof. Let I H be the unit operator in the space H. Finite dimensionality of the space H implies that λI H ρ 0 for some positive λ, and hence H Φ (I H ) < +∞. The assertion of the lemma follows from Simon's dominated convergence theorem [33] (with using Φ(I H ) in the role of the operator B).
Definition 4. A measure π 0 with the properties stated in proposition 6 is called H Φ -optimal measure for the state ρ 0 .
It is easy to see that the set of H Φ -optimal measures coincides with the set of χ Φ -optimal measures for any state ρ 0 with finite output entropy H Φ (ρ 0 ).
The other important properties of the function H Φ (ρ) are established in the following lemma.
Lemma 4. The function H Φ (ρ) is convex and lower semicontinuous on the set S(H).
Proof. To prove convexity of the function H Φ it is sufficient to note that
Suppose that the function H Φ is not lower semicontinuous. This implies existence of a sequence {ρ n } converging to some state ρ 0 such that (20) lim
By proposition 6 for each n = 1, 2, . . . there exists measure π n in P {ρ n } such that
is a compact subset of S(H). By proposition 2 in [10] the set P A is compact. Since {π n } ⊂ P A , there exists subsequence {π n k } converging to some measure π 0 . Continuity of the map π → ρ(π) implies π 0 ∈ P {ρ 0 } . By lower semicontinuity of the functional (18) we obtain
which contradicts to (20 
Proof. Lemma 4 and the definition of the convex closure imply
By lemma 2 H Φ (ρ 0 ) coincides with co H Φ (ρ 0 ) for any state ρ 0 with finite output entropy H Φ (ρ 0 ). Thus (21) means that H Φ (ρ 0 ) = co H Φ (ρ 0 ) for all such states.
Let ρ 0 be an arbitrary state such that H Φ (ρ 0 ) < +∞. By the below lemma 5 there exists sequence {ρ n } of states with finite output entropy, converging to the state ρ 0 , such that lim n→+∞ H Φ (ρ n ) = H Φ (ρ 0 ). By the above observation H Φ (ρ n ) = co H Φ (ρ n ) for all n. Since the function co H Φ is lower semicontinuous (by definition), we obtain
This inequality and (21) imply that H Φ (ρ 0 ) = co H Φ (ρ 0 ) for arbitrary state ρ 0 . Proposition 7 is proved.
The following observation plays essential role in study of the properties of the function H Φ .
Lemma 5. For arbitrary state ρ 0 such that H Φ (ρ 0 ) < ∞ there exists sequence {ρ n } of finite rank states, converging to the state ρ 0 , such that
Proof. Let π 0 be a H Φ -optimal measure for the state ρ 0 , which exists by proposition 6. Since any probability measure on complete separable metric space S(H) is tight [1] , [28] , for any n ∈ N there exists compact subset K n of the set Extr(S(H)) such that
is a finite collection of disjoint measurable subsets with diameter less than 1/n. Without loss of generality we may assume that π 0 (A By assumption H Φ (ρ 0 ) = S(H) H Φ (ρ) π 0 (dρ) < +∞, and hence the function H Φ is finite π 0 -almost everywhere. Since the function H Φ is lower semicontinuous it achieves its finite minimum on the compact set A n i of positive measure at some pure state ρ
. We want to show that (22) ρ n − ρ 0 1 3 n .
t.i. (22) .
By the choice of the states ρ n i for each i and n we have (22) and by applying lemma 4 we obtain lim inf n→+∞
By construction the state ρ n for each n is a finite convex combination of pure states ρ
The real Banach space B h (H) of all hermitian operators is a dual space for the space T h (H) of all hermitian trace class operators. The nonnegative lower semicontinuous function H Φ on S(H) can be extended to the nonnegative lower semicontinuous function H Φ on T h (H) by ascribing the value +∞ to arbitrary operator in T h (H)\S(H). The Fenchel transform of the function H Φ (see appendix А) is defined on the set B h (H) by the expression
The double Fenchel transform H * *
Φ is defined on the set T h (H) by the expression (24) H * *
Since the function H Φ is nonnegative, its convex closure co H Φ coincides with its double Fenchel transform H * * Φ . Since the restriction of the function co H Φ to the set S(H) coincides with co H Φ , proposition 7 implies the following representation for the H-function.
Corollary 4. Let Φ : S(H) → S(H ) be a quantum channel. Then
for any state ρ ∈ S(H).
Consider the set H −1
is a closed subset of S(H) due to lower semicontinuity of the quantum entropy [34] . Φ (0). By proposition 6 the state ρ 0 is the barycenter of some measure π 0 supported by pure states such that H Φ (ρ) = 0 for π 0 -almost all ρ. By using the arguments from the proof of theorem 6.3 in [28] it is easy to see that this measure π 0 can be approximated by the sequence of measures π n , finitely supported by the set of pure states, such that H Φ (ρ) = 0 for π n -almost all ρ. It follows that for each n all atoms of the measure π n are pure states in H −1 Φ (0). By continuity of the map π → ρ(π) the state ρ 0 = ρ(π 0 ) is a limit of the sequence {ρ(π n )} of states in co(H −1 Φ (0)∩Extr S(H)). Proposition 8 is proved.
6. On continuity of the functions χ Φ and H Φ . Lemma 2 implies
for all states ρ with finite output entropy. This expression remains valid in the case H Φ (ρ) = +∞ and H Φ (ρ) < +∞. Indeed, by substituting H Φ -optimal measure π for the state ρ into expression (4) in [10] it is easy to obtain that χ Φ (ρ) = +∞. Note also that for any state ρ finiteness of χ Φ (ρ) and H Φ (ρ) implies finiteness of H Φ (ρ) and hence validity of expression (25) . The last assertion can be proved by using proposition 4 and lemma 5. By expression (25) continuity of the functions χ Φ and H Φ on some set A ⊆ S(H) implies continuity of the output entropy H Φ on this set. It is essential that the converse assertion also holds and follows from expression (25) due to lower semicontinuity of the function χ Φ (proposition 4) and lower semicontinuity of the function H Φ (lemma 4).
Theorem 1. Let Φ : S(H) → S(H ) be a quantum channel. If the restriction of the output entropy H Φ to some set A ⊆ S(H) is continuous then the restrictions of the functions χ Φ and H Φ to the set A are also continuous.
Remark 3. The statement of theorem 1 seems surprising by the following reason. The value of the output entropy H Φ at a particular state ρ is completely defined by the output state Φ(ρ) and it does not depend on the action of the channel Φ on other input states. Thus continuity of the function H Φ on some set A means continuity of the entropy on the set Φ(A), which depends only on the set Φ(A). In contrast to this the values of the functions χ Φ and H Φ at some state ρ 0 depend (due to their definitions) on the action of the channel Φ to all states contained in the union of supports of all measures with the barycenter ρ 0 . Thus behavior of these functions on some set A depends on action of the channel Φ to all states contained in the union of supports of all measures with the barycenter in A. Nevertheless, by theorem 1 continuity of the entropy on the set Φ(A) guarantees continuity of the functions χ Φ and H Φ on the set A independently of the action of the channel Φ to all states, which are not contained in A.
Note also that continuity of one of the functions χ Φ and H Φ on some set A does not imply continuity of the output entropy on this set. For example, in the case of the noiseless channel Φ the function H Φ is equal to zero on S(H), but the function H Φ (the entropy of a state) is discontinuous on S(H).
Proposition 3 in [10] implies the following observation. Corollary 5. Let H be positive unbounded operator in the space H such that Tr exp(−βH ) < +∞ for all β > 0.
6 Then the restrictions of the functions χ Φ and
are continuous for each h 0. In [10] it is mentioned that the condition of corollary 5 is fulfilled for quantum Gaussian channels with the energy constraint Tr ρH h, where H = R T εR is the Hamiltonian of a system of oscillators with nongenerate energy matrix ε and R are the canonical variables of the system. Proof. Let {ρ n } and {π n } be the above sequences. Since the set {ρ n } +∞ n=0 is a compact subset of S(H), the set P {{ρ n } +∞ n=0 } is a compact subset of P by proposition 2 in [10] . Hence the sequence {π n } ⊆ P {{ρn} +∞ n=0 } has partial limits. Let π 0 be a limit of some subsequence {π n k } of the sequence {π n }. By lower semicontinuity of functional (18) we have
which means that π 0 is a H Φ -optimal measure for the state ρ 0 . Proposition 9 is proved. Theorem 1 and proposition 9 make possible to represent H Φ -optimal (χ Φ -optimal) measure for any state with finite output entropy as a limit point of the sequence of measures with finite support (conventional ensembles). Recall that by proposition 6 for any state of finite rank n there exists H Φ -optimal measure with finite support consisting of n 2 atoms (pure states).
Corollary 6. Let ρ 0 be such state that H Φ (ρ 0 ) < +∞, P n be the spectral projector of ρ 0 corresponding to its n maximal eigenvalues and π n be a H Φ -optimal (χ Φ -optimal) measure with finite support (ensemble of n 2 pure states) for the finite rank state ρ n = (Tr P n ρ 0 ) −1 P n ρ 0 for each n ∈ N. Then any partial limit of the sequence {π n } is a H Φ -optimal measure for the state ρ 0 .
Proof. By using Simon's dominated convergence theorem [33] it is easy to show that
Hence the conditions of theorem 1 are valid for the set A = {ρ n } +∞ n=0 . Thus lim n→+∞ H Φ (ρ n ) = H Φ (ρ 0 ), and proposition 9 implies the assertion of the corollary.
7. The additivity problem. Let Φ : S(H) → S(H ) and Ψ : S(K) → S(K ) be channels with the constraints defined by the sets A and B correspondingly. Consider the channel Φ ⊗ Ψ : S(H ⊗ K) → S(H ⊗ K ). For this channel it is natural to consider constraint defined by the set
where the following notations ω H = Tr K ω and ω K = Tr H ω are used. Additivity of the Holevo capacity for the A-constrained channel Φ and the Bconstrained channel Ψ means equality 
Additivity of the Holevo capacity (26) for arbitrary sets A and B is equivalent to validity of the following inequality:
for any state ω ∈ S(H⊗K) (subadditivity of the χ-function). Indeed, let ω be arbitrary state in S(H ⊗ K). Let A = {ω H } and B = {ω K }. Then (26) and the definition of the χ-function imply
Conversely, it follows from (27) that
Since the converse inequality is obvious we obtain (26) . In [31] it is shown that subadditivity of the χ-function holds for nontrivial class of infinite dimensional channels. In [13] the approach to the additivity problem in the finite dimensional case based on the convex analysis is proposed. The results of the previous sections make possible to generalize this approach to the case of infinite dimensional channels.
For channel Φ : S(H) → S(H ) and operator A ∈ B + (H) consider the following characteristic [30] :
Note that this characteristic is a generalization of the minimal output entropy of the channel Φ, defined by the expression (29) H min (Φ) = inf
The following generalization of the EoF to the infinite dimensional case is considered in [19] :
where the infimum is over all countable decompositions of the state ρ into pure states and Φ is the partial trace channel.
The alternative approach to the definition of the EoF is considered in [24] in the case of tensor product of two systems with one of them finite dimensional. By using the results of the previous section we can generalize this approach and define the EoF in the general case by
where Φ is the partial trace.
Proposition 7 shows that E C F is a convex lower semicontinuous function, coinciding with the convex closure of the output entropy of the partial trace channel. Proposition 6 implies that the infimum in the above expression is achieved at some measure supported by pure states. Proposition 8 guarantees the following natural property of E C F : {E C F (ρ) = 0} ⇐⇒ {state ρ is separable}, where the set of separable (nonentangled) states is defined as the convex closure of pure product states [3] . Indeed, if Φ is the partial trace channel then the set H where U ε (ρ) is ε-vicinity of the state ρ and the infimum is over all (finite) ensembles of pure states. But validity of equality (35) for mixed states having partial traces with infinite entropy remains an open problem. In the appendix B it is shown that validity of this equality can not be proved by using only general functional properties of the output entropy.
B. On coincidence of two definitions of the EoF. Many questions related with the quantum entropy H(ρ) can be solved by using the following properties of this characteristic: nonnegativity; concavity; lower semicontinuity. These properties follows from the substantially stronger property of the quantum entropy: the function H(ρ) is a pointwise limit of the increasing sequence of the nonnegative concave continuous and bounded 8 functions H(P n ρP n )+Tr ρP n log Tr ρP n , where P n is arbitrary increasing sequence of finite rank projectors, converging to the unit operator in the strong operator topology [22] .
The output entropy H Φ (ρ) of any quantum channel Φ (in particular the partial trace channel) has all the above properties, which are used in proving many results of this paper. For example, the representation of the function H Φ (ρ) as a limit of increasing sequence of nonnegative concave continuous and bounded functions provides the proof of existence of H Φ -optimal measure supported by pure states (proposition 6).
The aim of this section is to show that the above properties of the output entropy H Φ (ρ) are not sufficient for proof of validity of equality (35) for all states.
Let E be the class of all functions on S(H), represented as a pointwise limit of increasing sequence of nonnegative concave continuous and bounded functions on S(H).
This definition implies that all functions of the class E are concave lower semicontinuous functions on S(H) with the range in [0, +∞].
Proposition. In E there exists bounded function F such that 
